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Abstract
We nd explicit expression for the one-loop four-graviton amplitude in
eleven-dimensional supergravity compactied on a circle. Represented in
terms of the string coupling (proportional to the compactication radius)
it takes the form of an innite sum of perturbative string loop corrections.
We also compute the amplitude in the case of compactication on a 2-torus,
which is given by an SL(2;Z) invariant expansion in powers of the torus
area. We discuss the structure of quantum corrections in eleven-dimensional
theory and their relation to string theory.
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1. Introduction
Recent suggestions indicate that D = 11 supergravity is a low-energy eective eld
theory of a more fundamental M-theory [1,2] (for reviews see [3,4,5]). One expects that
various properties of ten-dimensional string theories may be understood from eleven-
dimensional perspective.
Most of known relations between type IIA string theory and M-theory, viewed as its
strong-coupling limit, are restricted to BPS states. A surprising recent observation [6] is
that the tree-level type II string correction (3)03R4 [7,8] can be interpreted as originating
from a one-loop D = 11 supergravity contribution. Our aim below will be to compute the
one-loop four-graviton amplitude in D = 11 supergravity compactied on a circle and to
demonstrate that it has the structure of an innite sum of perturbative higher-loop string
corrections. This suggests that the one-loop quantum D = 11 theory (with a proper UV
cuto implied by string theory) may contain information about certain string corrections
to all orders in string coupling.
The reason why the D = 11 amplitude has this form may be understood as follows.
The one-loop contribution to the eective action of D = 11 supergravity compactied on
a circle of radius R11 can be represented as the one-loop correction in type IIA D = 10
supergravity plus an innite sum of one-loop contributions of massive Kaluza-Klein modes
(0-brane supermultiplets). That sum may be represented as a local series using inverse
mass expansion,
P
M−2nCn. Since the masses of Kaluza-Klein modes are proportional to
inverse string coupling [2], M  R−111  g
−1
s , the contribution of Kaluza-Klein modes has







This suggests that some perturbative string theory results may be reproduced in the ‘dual’
formulation of the theory, in which certain solitons (0-branes) play a central role.
The scattering amplitude computed below corresponds to external gravitons with van-
ishing values of the 11-th component of momentum p11. Using D = 11 Lorentz invariance
it is straightforward to generalise the nal expression for the amplitude to the case when
external momenta are arbitrary, subject only to the zero-mass on-shell condition in D = 11.
The resulting amplitude with p11 = xed may then be interpreted as a one-loop correction
to the scattering of 0-branes in D = 10 and may be of interest from the point of view
of testing Matrix theory [9]. In particular, one should be able to analise the one-loop
D = 11 supergravity contribution to the phase shift, which was previously obtained only
in a semiclassical (eikonal) approximation (see [10] and refs. there).
In Section 2 we shall make some general remarks on cuto dependence of the D = 11
supergravity eective action, suggesting that certain curvature invariants should play a
special role in both D = 11 and D = 10 theories. The one-loop four-graviton amplitude in
D = 11 supergravity on a circle will be computed explicitly in Section 3.1. The amplitude
in the supergravity compactied on a 2-torus will be found in Section 3.2. In Section 4
we shall discuss possible relation of these amplitudes to perturbative and non-perturbative
contributions in string theory.
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2. Higher order corrections in D = 11 theory and relation to string theory
Let us start with some comments on the structure of higher-loop terms in low-energy
D = 11 supergravity eective action and their relation to string theory. We shall consider







−g R+ ::: ; 211 = 16
5l911 ; (2:1)
where l11 is the D = 11 Planck scale. The two parameters of the compactied D = 11
theory R11 and 11 are related to the string scale l10 =
p
0 and the string coupling gs
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The D = 11 supergravity is UV divergent, so one needs to introduce a cuto 11. Since
the D = 11 and D = 10 supergravities are related by dimensional reduction, 11 should
be proportional to a cuto 10 in type IIA D = 10 supergravity. The two cutos may be
related, e.g., by comparing the divergent terms in the one-loop eective actions in D = 11
and D = 10 supergravities. The D = 10 supergravity is a low-energy limit of type IIA
string theory, so its eective cuto is 10 
1p
0
. Expressed in terms of the (proper-time)
















i.e. that 11 depends only on 11 and not on R11. This has a natural ‘membrane-theory’
interpretation: just as the D = 10 cuto 10 is proportional to the square root of the





, the D = 11 cuto 11 is proportional to the cubic root
of the membrane tension
11 = (2aT2)







The general structure of the cuto-dependent part of the eective action of D = 11










−g Rm ; (2:6)
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where Rm stands for all possible scalars built out of curvature and its covariant derivatives
which have length dimension −2m.1 On dimensional grounds,
n+ 2m = 9(L− 1) + 11 : (2:7)
Note that purely logarithmic divergences (n = 0) may appear only at even loop orders and
have m = 10; 19; :::.








The presence of the cubicR4 divergence in D = 11 supergravity is implied [14] by the pres-
ence of quadratic R4 divergence in the D = 10 supergravity, which, in turn, can be found







Eq.(2.8) may, in principle, contain also a linear divergence 11R5 which would corre-
spond to the logarithmic divergence in D = 10 supergravity or to a nite one-loop term
ln0 R5 in the string theory eective action. Such R5 terms should be built out of ve
powers of the curvature: terms like r2R4 are absent since the string theory four-graviton
amplitude does not contain the corresponding (momentum)10 term [16].
An uncompactied D = 11 M-theory (having D = 11 supergravity as its low-energy
approximation) is suggested to be a strong-coupling limit of type IIA string theory [2].
Let us suppose that there are special terms fm(gs)Rm in the string theory eective action
which do not receive corrections beyond certain order L in string loop expansion. Then
their coecients will have simple power-like (or ‘perturbative’) dependence on gs in the
limit of gs  1, i.e. fm(gs)  g
2(L−1)
s . Such terms must then have a natural D = 11 theory
interpretation. Using this logic, one may be able to obtain certain constraints on possible
terms in the eective action of M-theory. As we will argue below, such special terms in the
string-theory action may correspond to covariant Rm terms in the uncompactied D = 11




d10x ; 211  g
3
s ; R11  gs ; 11  g
−1=3
s ;




















1 We shall ignore terms depending on 3-form eld C3 and gravitino. The structure of terms
depending on C3 is restricted by the invariance of the supergravity action [12] under C3 !
−C3; t!−t [13].
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In the last relation we have used (2.7). The condition 13 (m − 4) = k − 1 where k is an
integer (eective loop order in string theory) implies2
m = 3k + 1 ; n = 9L− 6k ; k = 0; 1; 2; ::: : (2:9)
Thus the terms in the D = 11 action related to the special string-theory terms with













−g R3k+1 ; (2:10)
where we have used (2.4).3
One may arrive at the same restriction on powers of curvature invariants in theD = 11
theory (i.e. m = 1; 4; 7; 10; :::) by an independent argument. In general, local perturbative
contributions to the string-theory eective action are given by series of terms in expansion










−gRm, where on di-
mensional grounds, m = 2(L−1)+n+5. The natural parameter in M-theory has dimension
(length)−3, which may be interpreted as the membrane tension T2. If we assume that the
M-theory eective action should similarly contain only terms which may appear in expan-
sion in integer powers of inverse membrane tension, then the only possible curvature invari-









so that 2m = 3n+ 11. Since m is a positive integer, n must be an odd number of the form
n = 2k − 3, k = 0; 1; 2; :::, and hence m = 3k + 1.
To summarise, a term f(gs)R3k+1 in type IIA superstring theory corresponds to a
covariant term in the eleven-dimensional Lagrangian only if it scales like g2k−2s in the limit
g2s  1. Although it is not excluded that the sum of an innite number of string loop
corrections may behave like g2k−2s at strong coupling, the non-renormalization of theR
3k+1
terms seems a natural generalization of the suggestion about the non-renormalisation of R4
2 The same condition is found by demanding that the dilaton dependence of the
p
−gRm term
after the reduction to D = 10 should be e2(k−1). Indeed, relating the D = 11 metric to the
D = 10 string-frame metric by ds211 = e
4=3dx211 + e





−g Rm)10 so that the required condition is m− 4 = 3(k − 1) or m = 3k + 1.
3 Let us note that supersymmetry may also impose certain constraints on possible Rm cur-
vature invariants. The Rm invariants that originate from the full (on-shell) superspace integral
[19,20],
R
d11xd32D2pWm; W  2R+ :::, have m = 16 + p (combined with (2.7) with n = 0,
this gives further restriction on possible purely-logarithmic counterterms: m+ p = 9L− 14 [13]).
This condition includes m = 3k + 1  16 for p = 3k − 15. The terms with m = 3k + 1 < 16
(i.e. R4; R7, etc.) should correspond to super-invariants constructed as integrals over parts of
superspace.
4
term made in [6] to the case of k > 1. Thus we conjecture that all R3k+1 terms should not
receive contributions beyond the k-th loop order in type IIA string perturbation theory.4
At the same time, contributions to R3k+1 terms at lower loop orders in string per-
turbation theory are not excluded (as they will be subleading in the gs ! 1 limit).
Their D = 11 origin should be in the nite ‘Casimir-type’ R−n11 terms, which accompany
n11-terms when the D = 11 eective action is computed in the space with one circular di-
mension. For example, the one-loop 311R
4 term in the case of nite radius R11 is replaced
by (311 + c1R
−3
11 )R













−gRm ; q = m− 3L− 2 ;
where we have used (2.7). Remarkably, if m = 3L + 1 as in (2.9),(2.10), then q = −1,










−gRm in the D = 11 eective
action corresponds to a sum of L-loop and tree-level R3L+1 terms in the D = 10 string

















R7) terms in string theory.
3. One-loop four-graviton amplitude in D = 11 supergravity
Deriving the one-loop four-graviton amplitude directly from the component formu-
lation of D = 11 supergravity [12] would be quite complicated. Fortunately, there is a
short-cut way using the known expression [18] for the one-loop D = 10 closed superstring
4-point amplitude. It was shown in [15] that the one-loop graviton scattering amplitude in
D  8 maximal supergravities can be obtained as certain limit (0 ! 0; R! 0; D =xed)
of the amplitude of D = 10 string theory compactied on a torus. To nd the amplitude
in D = 10 type II supergravity theory one should take 0 ! 0 limit treating 1=0 as a
proper-time UV cuto [16]. The resulting expression is formally the same as for D < 8
[15] (where the 0 ! 0 limit is regular), but it still depends on 0 via the cuto (and it is
quadratically divergent for 0 ! 0).
4 The existence of terms in uncompactied type II string theory action which receive corrections
only at one specic loop order was conjectured in [21]. Examples of such terms are known in the
case of N = 2; D = 4 supersymmetric compactications of type II string theory [22,23].








































2 F (s; t; ) : (3:1)
Here and in what follows we omit the standard kinematic factor K  (momentum)8 in the
expressions for the four-graviton amplitude and ignore the overall normalization coecient.
In eq. (3.1) 2D = (2R)
D−10210,   
02, and
F (s; t; ) =
Z












−M(s;t;) + 5 terms that symmetrise s; t; u
M(s; t; )  s12 + t32 + u13 + t(1 − 2

; s+ t+ u = 0 : (3:3)
The dependence on the cuto 0 ! 0 disappears in D < 8 (where maximal supergravities










F (s; t; )  210 + nite part : (3:4)
Here   02 =
t
2 is related to the standard proper-time parameter t so that the eective






3.1. D = 11 supergravity compactied on a circle
As follows from the string-theory derivation in [15] (and is obvious from the proper-
time integral representation of (3.4)) the amplitude in the case of D = 10 supergravity
compactied on a circle is given essentially by the D = 9 supergravity expression (3.1) with







should be introduced under the integral over  .
Being a consequence of the underlying supersymmetry, the same correspondence pat-
tern applies to the 4-point amplitudes of any pair of maximal supergravities obtained by
dimensional reduction, irrespective of their dimension and relation to string theory. The
four-graviton amplitude in D = 11 supergravity compactied on a circle (with all external
particles having ten-dimensional polarisations and p11 = 0) is thus given by eq. (3.4) with



















11 F (s; t; ) ; 11 = 
−2
11 ; (3:6)
where F is dened in (3.2). Because of the sum over the Kaluza-Klein modes, the  -integral
here has a stronger (cubic instead of quadratic, cf. (3.4)) divergence, as appropriate to the
D = 11 theory.
The resulting amplitude (3.6) is in agreement with the general expression for the D =
11 supergravity four-graviton amplitude suggested (on the basis of a somewhat dierent
reasoning) in [6]. Our aim below will be to study the structure of this amplitude, going
beyond the leading (momentum)8 terms considered in [6].



















kMk(s; t) : (3:7)
Let us separate the rst (k = 0) term A
(a)
4 in the expansion,





























2R211^ ; ^  −1 : (3:9)









we nd that ~A
(a)
4 is nite, while A
(a0)





























The cuto-independent part A
(b)
4 in (3.8) can be written as A
(b)
4 (s; t) = A
(b0)
4 (s; t) +
~A
(b)
4 (s; t), with A
(b0)
4 representing the m = 0 contribution to the sum in (3.7), i.e.
A
(b0)
































kMk(s; t) : (3:14)
In the last expression (3.14) we have omitted the term linear in M , which drops out after
integrating over  and symmetrising in s; t; u since s+t+u = 0. This reflects the absence of
logarithmic divergences in the 4-point amplitude in D = 10 supergravity [16]. To compute
A
(b0)
4 (s; t) in (3.13) we rst regularise it by integrating  from 0 to 0 and then take the
limit 0 !1. As a result,
A
(b0)














e−M(s;t) +M(s; t) lnM(s; t)










and we used again that terms linear in M disappear after symmetrisation in s; t; u. The
integration over  in (3.14) then gives
~A
(b)












11 Hk(s; t) : (3:17)













where Hk is a polynomial of order k. The integral similar to (3.19) appeared in [15], where
it was put into the form
Hk(s; t) = bk






 Γ(k + 1)
22k+2Γ(k + 5=2)
;
6 The integral over  in H(s; t) can be performed explicitly, giving a combination of logarithmic
and polylogarithmic functions.
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For integer k > 0 the function Ik reduces to a polynomial plus some combination of
logarithmic functions. The latter cancel out in the symmetric combination Hk(s; t) in eq.
(3.20). One is left with a homogeneous polynomial of degree k in the variables s; t; u (this
follows also from direct computation of the integrals in eq. (3.19) after expanding the
binomial).
























3.2. D = 11 supergravity compactied on 2-torus


























F (s; t; ) : (3:24)
As in the circle case, we expand the exponential e−M in F (3.2) in powers of M and
separate the k = 0 term as in (3.8),

























The constant part A
(a)
4T is the one considered in [6], and it can be computed by Poisson
























(p2Ω + q2Ω−1)−r ; (3:28)
where the notation (p; q)0 means that p and q are relatively prime. As in [24], one can
show that for large Ω
Er(Ω) = Ω
r + γrΩ









4T (s; t) in (3.25) we decompose it as A
(b)





4T (s; t), with
A
(b0)
4T representing the (m;n) = (0; 0) contribution,
A
(b0)














[d] M1=2(s; t) = −2
p







For the remaining part ~A
(b)
4T we have (cf. (3.17))
~A
(b)






































Hk(s; t) ; (3:31)
or, equivalently (cf. (3.17))
~A
(b)









Vk−1=2Hk(s; t) ; (3:32)
dk =
2(−1)k Γ(k − 1=2)
k−1=2 k!
(2k − 1) :





























Written in this form the amplitude is given by an SL(2;Z) invariant expansion in powers
of the torus area  V.





with k = 2; 3; ::: are polynomials of
degree k, and thus correspond to local higher derivative terms in the one-loop eective
action (these are the contributions of the massive Kaluza-Klein modes). The non-local
(D = 10 massless mode) contributions originate from the H term in the circle amplitude
case (3.22) or from H1=2 term in the torus amplitude case (3.33).
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4. Remarks on relation to string theory
Let us now comment on the structure of the amplitudes (3.22) and (3.33), correspond-
ing to the circular and toroidal compactications of the D = 11 supergravity, and their
relation to string theory. Expressing (3.22) in terms of the string coupling gs and the string
scale
p






















The rst two constant terms in this amplitude (multiplied by the kinematic factor) corre-
spond to the one-loop and tree-level R4 terms in the type II string eective action.7 That
the one-loop amplitude in D = 11 supergravity eectively includes [6] the tree-level (3)R4
term of string theory may look miraculous: while in string theory this term is produced by
exchanges of massive string modes, in D = 11 expression it originates from the loop of the
Kaluza-Klein modes which are 0-brane solitons of string theory. This fact may be related
to self-duality of type IIB theory [25,6], and it also suggests that the uncompactied type
IIA string theory (‘dual’ to D = 11 theory) may have a reformulation in terms of solitonic
objects.
Remarkably, we nd that not only the two constant terms but also all momentum-
dependent terms in the D = 11 amplitude (4.1) have ‘perturbative’ dependence on the
type IIA string coupling. It appears as if the one-loop four-graviton amplitude in D =
11 supergravity represents a sum of certain perturbative string corrections, containing
contributions of all orders in the string loop expansion.
It is not clear, however, which regions of the moduli spaces of higher genus Riemann
surfaces this expression is accounting for. Moreover, while the rst two terms in (4.1) (or
R4 terms in the type II string eective action) are expected to be unchanged by both
D = 11 supergravity and type IIA string higher-loop corrections [25,6], this may not be
true for other s; t-dependent terms in (4.1).
To relate the torus amplitude (3.23),(3.33) to type IIA and type IIB string theories
compactied on a circle, it is useful to consider the corresponding contribution to the
eective action of D = 11 supergravity compactied on a 2-torus which may be written in












7 In the notation of [6], 23
3
11  C =

3 , corresponding to a = 
2 in our notation. As
was argued in [6] using the rst two terms in the amplitude (3.33) on the 2-torus, this value is
implied by consistency with string theory (T-duality invariance of one-loop term in type II theories










One may now relate the D = 11 metric gmn and the torus area (2)
2V and the modulus
Ω to the string-frame metrics, couplings and radii of type II string theories compactied
on a circle.8 In terms of type IIB coupling and compactication radius, Ω = R10R
−1
11 =





B , so that the limit of uncompactied type IIB theory
corresponds to V ! 0 for xed Ω [3]. The momentum-dependent terms in (3.33) and
the higher-derivative terms in (4.2) disappear in this limit (the third non-local term is also
subleading as it does not scale as RB , see below). The remaining second term proportional
to the Eisenstein function E3=2(Ω) was shown in [24] to contain not only the tree-level
and one-loop contributions but also the sum of all type IIB D-instanton contributions to
the R4 term. The limit of non-compact type IIA theory is RA ! 1 for xed gA, i.e.
R10 = ΩV ! 1 for xed R11 = (V=Ω)1=2. In that limit one recovers the amplitude (4.1)
of the D = 11 theory compactied on a circle, containing perturbative contributions to all
orders in string coupling.
In general, eqs. (3.33) and (4.2) appear to be describing a mixture of perturbative
and non-perturbative contributions in type II string theories compactied on a circle.
Expressing (4.2) in terms of type IIB parameters and using the expansion (3.29) of Er(Ω)





































The functions Ek−1=2(Ω) thus appear to contain only one-loop and k-loop terms among
perturbative contributions. This is a generalisation of the observation of [24,6] about
E3=2(Ω)V
−1=2R4 term (which contains tree-level and one-loop contributions) to higher
derivative terms. It seems likely that O(e
− 2gB ) terms in the expansion of Ek−1=2(Ω) are
related to non-perturbative type II string theory contributions since they constitute the
simplest SL(2;Z) invariant completions of the one-loop and k-loop terms.
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